Introduction. Homogeneous Banach spaces first appeared in the paper of G. Silov, [9] , where they were introduced as classes of Banach algebras of functions (under pointwise multiplication) on compact abelian groups. Each has the underlying group as its maximal ideal space. In [6], K. de Leeuw omitted this property before classifying all possible maximal ideal spaces of homogeneous Banach algebras, and determining a correspondence between these algebras and certain norms.
In §4 we obtain a characterization of those norms which determine homogeneous Banach spaces. In fact we establish a correspondence between homogeneous Banach spaces and norms on certain spaces of trigonometric polynomials (those found in 2.6). In [6] de Leeuw presents a similar result.
The results of §2 can be used in another way. Combined with those announced by the author in [12] they give a complete picture of the closed ideal theory of any homogeneous Banach algebra (a homogeneous Banach space which is an algebra under convolution). In particular, it can be shown that its closed ideal structure is precisely the same as that of I) or one of its homogeneous subspaces. We present these results in [13] .
Most of the material contained in this paper, and in [12] and [13] , is found in [11].
Preliminaries.
Let G denote a compact group with dual object Σ, the set of equivalence classes of continuous irreducible unitary representations of G. For each σ E Σ we fix a representative U σ and denote by H σ the Hubert space on which U σ acts. The finite dimension of H σ is d σ . We also put E 0 (Σ) ={AE EJΣ): {σEΣ: \\A a \\^ > e) is finite for all e > θ]
We write E(Σ) = Π σeΣ £(# σ ) where B(H σ ) is the space of bounded operators on H σ . For each^l = (A σ ) E E(Σ) and each/? > 1 put
and E ω (Σ) = {A EE(Σ): {σ E Σ: A σ Φ 0} is finite}.
The Fourier series of μ E M{G) is given by HOMOGENEOUS SPACES AND NORMS 483 where Tr is the usual trace function, and the Fourier-Stieltjes transform μ(σ) of μ at σ is given by
β(σ)=fu a (x)dμ(x).
Note that the Fourier transform / -> / provides an isometric isomorphism between the spaces A(G) (of functions with absolutely convergent Fourier series) and E λ (Σ). We define P(G), the space of pseudomeasures, to be the topological dual of A(G). Clearly M{G) C P(G). The 'Fourier transform' of an element S of P(G) 9 S, is defined by requiring that S(f) = S(f) for all f E. A (G) . This definition is consistent with the definition of the Fourier Stieltjes transform if S is an element of M(G). Moreover the map S -> S is an isometric isomorphism between P(G) and E^Σ). The convolution product of two pseudomeasures S and T is the element S * Γ of P(G) defined by
where the product on the right side of (1) is the pointwise product of the elements S and f of EJίΣ). It is easily seen that P{G) is a two-sided convolution module over A(G). Finally, for each xEG and S E P(G) we define the left x-translate of S to be the element X S of P(G) defined by
S( x -*f) for aΆfEA(G).
The definitions of convolution and left translates agree with the usual definitions when S and T are elements of M(G).
In the first instance we consider subspaces of P(G) which become Banach spaces when equipped with a suitable norm, and which are closed under left translation, each translation operator being continuous. Let (5,|| \\ B ) denote such a space. Then B is homogeneous (or is a homogeneous Banach space) if the maps x -* x b of G to B are continuous at e, the identity of G, for each b E B. Note that this ensures continuity at each x E G. The more familiar examples of homogeneous Banach spaces are is an immediate consequence of the homogeneity of B, and 2. follows from 2.1. The inequality follows from 8.14.6 of [3] . D Hewitt and Ross, in (32.23 ) and (32.48) of [4] , discuss a number of cases in which an approximate identity in a Banach algebra A acts like an approximate identity in a Banach ^4-module. In 2.3 we present a further case in which A is taken to be L\G) and we consider B a homogeneous Banach space. It is a consequence of 2.2 that B is a Banach L 1 (G)-module.
We let (f n ) neN denote a bounded left approximate identity of L\G) for which ||/J| L , = 1 for all«. By (28.52) of [4] wehavelim^H/^^J,, -0 for every neighborhood U of the identity of G (χ v denotes the characteristic function of the subset V of G; that is,
Proof. By 2.2 f n * b is an element of B for each n. We write
where λ denotes the normalized left invariant Haar measure on G. Fix ε > 0. There exists a neighborhood U of the identity of G such that for each x E U 9 \\ x b -b\\ B <ε 9 and a positive integer N such that for n> N, Therefore, by (1) 
COROLLARY. 5Π T(G) is a dense subspace ofB.
We now provide a partial converse to 2.3. (1) we have that T b is continuous at e for each b in the dense subset {f»*b':n E N, Z>' E J5} of 5.
Let b E B. The set of discontinuities of T b must be of the first category by the Baire Category Theorem, and so is not the whole of G. The compactness of G ensures that T b is continuous at e. To see this, let x denote a point of continuity of T b . If e is known to be such a point then the proof is complete; if we are uncertain fix ε > 0. There exists a neighborhood C/of x so that for ^ E U,\\ y b -χ b\\ B < ε. Now let V denote the set of left x~ ^translates of the elements of U. Then V is a neighborhood of e. Moreover, for each j
since xy E JJ. Hence e is a point of continuity of T b . D
We are able to give a specific description of the dense subspace B Π T(G) of B when 5 is homogeneous. First, however, we introduce some notation.
For each σ E Σ let E σ denote a subspace of H σ . Denote by & the set & = {E σ : σ E Σ}. For any subset A of i^G), ^4 S denotes the set
In particular, if E σ = // σ for each σ E Σ\F (F C Σ) and if E σ = {0} for σGF then ^4$ is the set of pseudomeasures in A whose Fourier transform is supported by F\ that is, A & -A F .
PROPOSITION. Assume B is homogeneous. For each
To prove the reverse inclusion it is sufficient to prove that any
We first prove that the set B(σ), which we define to be {b(σ): b E B} 9 is precisely {Γ E 5(i7 σ ): £ σ C ker T). The set B(σ) is, in fact, a left ideal of B(H σ ). To see this we observe that by (38.32) of [4] 
Π T(G)
is such a subspace we could have applied (38.30) to obtain 2.6.
Closed translation-invariant subspaces.
Throughout the remainder of this paper we will assume that each homogeneous Banach space B may be continuously embedded in P{G)\ that is, there exists a constant C, depending only on B, such that \\b\\ P < C\\b\\ B for all b E B.
(In fact, we require only that for each σ E Σ there exists a constant C σ such that ||£(σ)|| B( // β) ^ C σ ||6|| B for all b E B. However, a simple application of the Closed Graph Theorem demonstrates that these two conditions are equivalent.) All of the familiar homogeneous Banach spaces have this property.
We first consider the question of which Banach subspaces of B are themselves homogeneous. Clearly, this amounts to characterizing the closed translation invariant subspaces of B. This is done in 3.1 and 3.2.
Assume that & = {E σ : σ E Σ} is defined as in 2.6. For each σ let Y σ denote a subspace of H σ which contains E σ9 and let ^ denote the set 3. There are not, in fact, as many 'small' homogeneous Banach spaces (ones which contain only measures) as one might expect.
PROPOSITION. Assume that each element b of B is a measure. Then b E L ι (G). Moreover, there exists a positive constant C such that \\b\\ L \ < C'\\b\\ B forallb E B.

Proof. Consider the embedding L: b -* b of B into M(G).
We use the Closed Graph theorem to show that L is continuous and so that there exists a constant C such that \\b\\ M < C'\\b\\ B for all b E B.
Let (b n ,b n ) denote a sequence taken from the graph of L. Assume that there exists b E 5 and μ E M(G) such that lim \\b n -b\\ B = 0 and lim \\b n -μ\\ M -0.
Λ-» 00 ft-> 00
Then, for each σ E Σ lim \\b n (σ) -£(σ)||*(// σ) = 0 and lim \\b n (a) -β(σ)\\ B{Ha) = 0.
n> oo w> oo
Consequently fe(σ) = μ(σ) for each σ E Σ and so b -μ. Thus, the graph of L is closed in B X M(G), and, by the Closed Graph Theorem, L must be continuous.
To complete the proof we note that the only measures μ for which the left shift x -> x μ is continuous from G to M(G) are those generated by elements of L\G). For such a μ, ||μ|| M = ||μ|| L i.
•
COROLLAARY TO 2.2 AND 3.3. Every such homogeneous Banach space is a Banach algebra. D
The study of homogeneous Banach algebras is a very rewarding and fruitful one. However we leave this till [13] . See also [8] 
(G) = T(G) & ) and the norm N on T(G) & (where N = || \\ B restricted to T(G) & ).
We characterize those norms N which may arise. See also [6] .
Given B we already know precisely what & is (see 2.6). We now give some obvious properties of N.
PROPOSITION, (i) H^ < C'N{b)forallb G T(G) & . (ii) Each left-translation operator is a continuous endomorphism of T(G) & with respect to N; moreover each left shift x -> x b (b G T(G) & ) is continuous from G to T(G) S . D
We also have: nξΞN must be Cauchy and must converge to b in P(G). Hence b has property ty and 5 is included in the set given in (1) .
PROPOSITION. Let (b n ) n(ΞN be a sequence in T(G) & which converges to 0 in P(G) and is
To prove that the reverse inclusion holds let S be an element of P(G) which has property <3\ Let (b n ) nξΞN denote a sequence from T(G) $ , Cauchy with respect to N, and converging to S in P(G). It must be Cauchy in B and so there exists b E B such that lim n _^o 0 \\b -b n \\ B -0. Since (b n ) nζΞN must also converge to b in P(G), we have b = S\ that is, seΰ.
Before completing the proof of 4.3 we require a lemma. Proof. Clearly B is a linear space and || || B is a seminorm. Therefore B is a normed space if the only S E B with zero norm is S = 0. To see that this is so, let (b n ) be a sequence in Γ(G) g , Cauchy with respect to N 9 and converging to S in P(G). Then as \\S\\ B = 0, we have hm n^QQ N(b n ) = 0, and so Um n _ 00 ||6 w || P = 0. Therefore (b n ) n<EN converges to 0 in P(G), and so S = 0.
Finally, we show that B is complete. Let (S n ) neN denote a Cauchy sequence in B. For each n there exists For each/?, 1 </?< oc, let Proof. We need only show that each shift is bounded and that the map x -* x /, from G to U P (G) , is continuous at the identity e. Let x EG. Then where-U x (σ) = t/ σ (x) for each σ E Σ. Now ££ E ^JΣ); in fact 1, and so Therefore each shift is bounded. Now it is clear that the map x -> x f is continuous at e if the map x ->JC /, from G to E p (Σ) 9 is continuous at e. But we have
For each ε > 0 there exists a finite subset F of Σ such that (2) Σ </.||/(*)|k<e'.
σeΣ\F
Since t/ σ is a continuous representation (1) and (2) 
